Abstract. It was recently shown by Gross, Hacking, and Keel that, in the absence of frozen indices, a cluster A-variety with generic coefficients is the universal torsor of the corresponding cluster Xvariety with corresponding coefficients. We extend this to allow for frozen vectors and corresponding partial compactifications of the A-and X -spaces. When certain assumptions are satisfied, we conclude that the theta bases of Gross-Hacking-Keel-Kontsevich give bases of global sections for every line bundle on the leaves of the partially compactified X -space. We note that our arguments work without assuming that the exchange matrix is skew-symmetrizable.
Introduction
In [FG09] , Fock and Goncharov describe a geometric approach to the study of cluster algebras by defining cluster varieties, denoted A and X . In [GHK15] , Gross, Hacking, and Keel applied the techniques of birational geometry to the study of cluster varieties to prove a number of powerful results. One of the more beautiful such results is that, in the absence of frozen vectors, a cluster variety A t with generic coefficients t is the universal torsor over the corresponding leaf X φ ⊂ X . Roughly, this means that A t = L∈Pic(X φ ) L (see §3 for more precise statements). In particular, this means that the upper cluster algebra with generic coefficients Γ(A t , O At ) is the Cox ring of X φ .
The main results of this article (Theorems 3.3, 3.5, and 3.6, and Corollary 3.7) extend the GrossHacking-Keel results to allow for frozen vectors and the corresponding partial compactifications of the A-and X -spaces. Further partial compactifications are handled in Theorem 3.9. Such compactifications are important for many geometric and representation-theoretic applications of cluster theory, e.g., those described in [GHKK14, 0.4] .
As a consequence of Theorem 3.5, we show that under Assumption 4.1, every line bundle (up to isomorphism) on our partially compactified X -spaces admits a basis of global sections consisting of certain theta functions from [GHKK14] . See Theorem 4.2. In the language of [GHKK14] , Assumption 4.1 says that the middle and upper cluster algebras of a certain compactification of A prin are equal.
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As a bonus, we note that all our arguments work without assuming that the exchange matrix from the seed data is skew-symmetrizabe. The much weaker condition that the non-frozen diagonal entries are 0 is sufficient.
We note the following previously-known and very important special cases of our results:
Example 1.1. The set of spaces X Σ e which can be constructed from a seed with no non-frozen vectors (i.e., I uf = ∅) coincides with the set of toric varieties. In these cases, the realization of Γ(A Σ , O A Σ )
as the Cox ring of X Σ e agrees with the homogeneous coordinate ring construction of [Cox95] , and the theta functions discussed in §4 are just monomials. Example 1.2. Let G be a semisimple Lie group, B ⊂ G a Borel subgroup, and N the unipotent radical of B. Then the basic affine space G/N admits a cluster (A-variety) structure via [BFZ05, §2.6], and G/B is the corresponding X -space leaf. Corollary 3.7 in this case is the well-known statement that the coordinate ring of G/N is the homogeneous coordinate ring of G/B.
In the case that G = SL r , [Mag15] shows that Assumption 4.1 does indeed hold. Magee concludes that, for a given weight λ, the integer points of a certain polytope (what we call Ξ λ ) parameterize a theta function basis for the corresponding representation V λ of SL r . Interpreting V λ as a line bundle on G/B gives the conclusion of Theorem 4.2 applied to this situation.
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Construction of cluster varieties
2.1. Seeds. A seed S is data of the form
where N is a lattice of finite rank n, I is an index set with |I| ≤ n, E is a basis for a saturated sublattice N I ⊆ N , F is a subset of I, and [·, ·] is a Z-valued bilinear form on N such that [e i , e i ] = 0 for all i ∈ I uf := I \ F . If i ∈ F , we say e i is frozen. Let N uf ⊂ N denote the span of {e i } i∈I uf .
Let M := N * = Hom(N, Z), and let M I := N * I . Let {e * i } i∈I ⊂ M I denote the dual basis to E. We have two maps p 1 , p 2 : N → M given by n → [n, ·] and n → [·, n], respectively. For i = 1, 2, let p i denote the composition of p i with the projection to M I (i.e., restriction to N I ). Let K i := ker p i , and denote the inclusion κ i : K i ֒→ N . Let ·, · : N × M → Z denote the dual pairing between N and M .
We call S skew if [·, ·] is skew-symmetrizable, i.e., if there exist positive rational numbers {d j } j∈I uf and a skew-symmetric form {·, ·} on N uf such that [e i , e j ] = d j {e i , e j } for each i, j ∈ I uf . Most papers on cluster algebras assume S is skew, but we will not need this. See §2.6 for more on the skew cases.
Assumption 2.1. Unless otherwise stated, we make the following assumptions throughout the paper:
(1) p 2 (e i ) = 0 for any e i ∈ E. (2) p 2 (e i ) is primitive in M for each i ∈ F .
We note that a seed failing Assumption 2.1(1) can easily be modified to satisfy that assumption by simply removing from E any e i in the kernel of p 2 , and this change would not affect the cluster varieties we construct.
Mutations and the construction of cluster varieties. Given a lattice L with dual lattice
µ u,ψ is called a mutation. See Figure 2 .1 for a geometric interpretation of mutation due to [GHK15] . For a seed S, we have a so-called A-torus
These are the A-and X -mutations, respectively. For each j ∈ F , we denote partial compactifications A S,j := T N,ej and X S,j := T M,p2(ej ) . We define what we call frozen mutations as follows: for each j ∈ F , µ A j and µ X j are simply inclusions A S ֒→ A S,j and X S ֒→ X S,j , respectively. Given a seed S, we define the cluster A-variety A ⋆ (or A ⋆ S if S is not clear from context) to be the scheme obtained by gluing A S to A S,j via µ A j (restricted to the maximal Zariski open subsets on which it is biregular) for each j ∈ I (including each j ∈ F using our frozen mutations above). A S,j and A S,i are similarly glued via µ
We similarly define the cluster X -variety X ⋆ (or X ⋆ S if S is not clear from context) by gluing X S to X S,j via µ X j for each j ∈ I. For each i, j ∈ I, X S,j and X S,i are glued only along the locus on which µ
−1 is biregular on additional points of X S,j . As a result, X ⋆ may be non-separated.
cluster algebra A, X , and Γ(A, O A ), respectively, when S is skew.
2.
3. An exact sequence of cluster varieties. Observe that for each seed S, there is a not necessarily exact sequence
Here, λ : M → K * 1 is the dual to the inclusion κ 1 . Tensoring with k * yields an exact sequence
In terms of functions, these maps are given by κ
With these descriptions, it is straightforward to check that the sequence commutes with mutations,
Figure 2.1. Let u ′ ∈ L denote the primitive vector in the direction u, and let |u| denote the index of u, so u = |u|u ′ . Let Σ denote the fan in L ⊗ Q with rays generated
, contracting the proper transform F of the fibers F which hit H + down to a hypertorus H − in D −u (right arrow), and then taking the complement of the proper transforms of the boundary divisors. In the figure, E denotes the exceptional divisor, with E being its image after the contraction of F . The result of gluing the two copies of T L via µ u,ψ is given by the top picture minus D u , D −u , and E ∩ F .
including extending over the boundary divisors from our frozen mutations (cf. [FG09, Lem. 2.10] for the skew cases without the boundary divisors). Thus, one obtains an exact sequence
In particular, µ Aprin j commutes with the grading
. We note that deg is denoted w (for weight) in [GHKK14] (cf. their Prop. 7.7), as z q is a weight deg(z q ) eigenfunction for the action of
Let λ and i both denote the dual to κ 1 . We have a commutative diagram:
Tensoring with k * yields a commutative diagram of maps of tori. In terms of functions,
, and i ♯ and λ ♯ are both given by λ
. One now checks that the top row
2.5. Further compactifications. Let us assume that p 2 (e i ) = p 2 (e j ) for distinct i, j ∈ F . Let Σ be a fan in M R whose set of rays Σ
[1] is {R ≥0 p 2 (e i ) : i ∈ F }. For a cone σ ∈ Σ whose bounding rays are generated by p 2 (e i1 ), . . . , p 2 (e i k ), i j ∈ F , let σ denote the cone in N R whose bounding rays are generated by e i1 , . . . , e i k . Let Σ be the fan { σ|σ ∈ Σ} in N R . Now, in the construction of X ⋆ , in addition to gluing X S = T M to X S,i for each i ∈ I, we can also attach X S,σ := Spec k[σ ∨ ] for each σ ∈ Σ. For example, in the case where σ is the ray generated by p 2 (e i ), i ∈ F , X S,σ is the same as X S,i . We denote the resulting scheme by X Σ .
We analogously define A Σ , but using Σ in place of Σ. Similarly for A Σ prin using the natural inclusion N ֒→ N ⊕ M to view Σ as a fan in N prin .
We note that the fibration λ of X ⋆ over T K * If t ∈ T M is very general, 2 the same theorem says that the analogous statement holds for X In particular, our ⋆-upper cluster algebra agrees with the usual upper cluster algebra Γ(A, O A ) for totally coprime skew seeds, but not for all skew seeds.
Picard groups, universal torsors, and Cox rings
For convenience, for each i ∈ I, we will start writing X S,i as simply U i , and we will write X S as U 0 . For each i ∈ I uf , let E i denote the exceptional divisor associated to µ monomial on U 0 , extended to be rational function on X ⋆ . We have val Ei (z n ) = [n, e i ] for each i ∈ I uf since [(µ
, and by Remark 3.2, 1 + z ei cuts out E i in U i . We also see from Remark 3.2 that val Di (z n ) = [n, e i ] for each i ∈ F . Hence, for each n ∈ N , the principal Weil
In general though there is not a natural product on this direct sum, so we use the following construction. Let Λ denote a lattice of Cartier divisors on X such that the map Recall from §2.4 the map p 2 : A ⋆ prin → X ⋆ which, when restricted to A Sprin → X S , is given by
. We extend this map by defining
and defining p 2 | ♯ XS,i to be given by [(µ
As before, we write p 2,φ :
Proof. We first prove the prin version of the claim. Recall that
is spanned by the terms of the form z (m+p 1 (n),n) for n ∈ N . We want to show that for each m ∈ M I , p
We use the affine cover {U i } i∈I∪{0} of X ⋆ and the ideal sheaves from Remark 3.2. For each
One easily sees that p ♯ 2 is injective, so it suffices to check that p
for each i ∈ I ∪ {0}. For i = 0, we have
Now suppose i ∈ I uf . p ♯ 2 as defined in (9) does not commute with mutations, so we will have to apply [(µ
In the copy of the coordinate system k[N ] used for defining
We apply (µ X i ) ♯ to express this in terms of the coordinates for U 0 , resulting in:
Using (3), we see that applying ((µ
and this is indeed equal to
where ·, · in the last line is the dual pairing between N prin and M prin . Since (e i , 0), (m+ p 1 (n), n) = val D (e i ,0) (z (m+p 1 (n),n) ), we see that the last line above is equal to O A ⋆ prin (m)( U i ), as desired. For the claim over φ, recall from Remark 3.2 that E i,φ and D i,φ are cut out by the same equations as E i and D i , just reduced modulo I φ . The claim now follows from the commutativity of (5).
We now want to take a quotient of R X,Λ which identifies the degree m and degree m ′ parts whenever
× be a homomorphism of Abelain groups such that for each m 0 ∈ Λ 0 and m ∈ Λ, we have
. This gives what one calls a "shifting family" (ρ λ in [GHK15, Construction 4.3] corresponds to multiplication by our ρ(λ)z λ ). One then defines a sheaf I X,Λ,ρ ⊂ R X,Λ on X by taking I X,Λ,ρ (U ) to be the ideal generated by elements of the form f − f ρ(m 0 )z m0 for f ∈ R X,Λ (U ) and m ∈ Λ 0 . Finally, we can define the universal torsor to be
Theorem 3.6. For any φ ∈ T K * 1
Recall the sheaf I φ from (7). Choose any section s of p 1 , and consider the shifting family corresponding to ρ(m 0 ) := z s(m0) (t)z −s(m0) , m 0 ∈ p 1 (N ) ⊂ M I , where z s(m0) (t) denotes the evaluation of z s(m0) at t. The corresponding sheaf I X ⋆ φ ,MI ,ρ ⊂ R X ⋆ φ ,MI is, in terms of the coordinate system for U 0 , globally generated by elements of the form
for m ∈ M I , n ∈ N , and m 0 ∈ p 1 (N ). The relations induced by I φ ensure that this does not depend on the choice of s. Applying p ♯ 2 to (12) yields
This is a generator for I t as given in (6), and all the generators from (6) can be obtained in this way by varying the choices of m, n, m 0 , and s. Hence, p
For X, Λ, and ρ as above, we define the Cox ring of X to be
as in [GHK15, Def. 4.5]. If Pic(X) is torsion free, this is equivalent to ν∈Pic(X) Γ(X, L ν ). We have the following immediate corollary of Theorem 3.6.
Corollary 3.7. For any φ ∈ T K * 1 and any
Remark 3.8. Suppose S is skew. Then one can prove versions of Theorems 3.5 and 3.6 and Corollary 3.7 for the full and finite-tree versions of the A-and X -spaces with various conditions on S or the generality of t, exactly analogous to [GHK15, Thm. 4.4 and Cor. 4.6] but now allowing partial compactifications associated to frozen variables and not requiring N I = N .
3.1. Extension to the further partial compactifications. Now consider a fan Σ as in §2.5. If Σ is non-singular (meaning that every cone is generated by part of a basis for M ), then the above results all extend easily to the partial compactifications associated to Σ. However, when Σ is not smooth, X Σ will not be smooth either, and as a result, only a proper subset of Weil divisors will necessarily be Cartier. Hence, while W and W φ from (8) will still give isomorphisms of the divisor class groups of X Using the same shifting family as in Theorem 3.6, we get
−1 (φ), and so
In summary:
Theorem 3.9. There is a sublattice M Σ ⊂ M I isomorphic to Pic(X ⋆ ) and Pic(X 
).
Theta bases for line bundles
For a skew seed S, the main construction of [GHKK14] , applied to a scattering diagram in M prin with initial scattering functions 1 + z p1,prin(ei) , i ∈ I uf , gives a linearly independent collection {ϑ q } q∈Mprin of functions in some formal completion of k[M prin ] (i.e., some of the functions ϑ q might be formal Laurent series rather than just Laurent polynomials). These can be viewed as functions on some formal limit of A (a fact also used in [GHKK14, Construction 7.11]). Furthermore, since z (0,n) is invariant under the initial scattering automorphisms (cf. (3)) for each n ∈ N , the same is true of all wall-crossings for the scattering diagram used for constructing the theta functions. It follows that ϑ (0,n) = z (0,n) for each n ∈ N , and moreover,
for each (m, n) ∈ M prin . Hence, for each i ∈ F and (m, n) ∈ M prin ,
Equivalently, Ξ consists of the q ∈ M prin for which ϑ q can be expressed as a Laurent polynomial (rather than just a formal Laurent series) and val De i (ϑ q ) ≥ 0 for each i ∈ F . It follows from (14), (15), and the fact that ϑ 0 := 1 that (0, N ) ⊂ Ξ and that Ξ is closed under addition by (0, N ).
[Man] describes a generalization of the [GHKK14] construction which gives theta functions associated to seeds which are not necessarily skew. The above definitions and claims still make sense and hold by the same arguments. 5 In particular, [GHKK14] claims that these conditions hold for the cluster structures on Grassmannians, on a maximal unipotent subgroup N ⊂ SL r , on the basic affine space SL r /N (cf. [Mag15] ), and on (SL r /N ) 3 / SL r .
When Assumption 4.1 does hold, we also get theta bases for each A In particular, by taking λ = 0, we find that {ϑ (m,n) |(m, n) ∈ Ξ, m = p 1 (n)} is a k-module basis for H 0 (X ⋆ , O X ⋆ ). Indeed, this agrees with the construction of theta functions on X given in [GHKK14, Construction 7.11]. We note that Theorem 3.9 implies that Theorem 4.2 analogously holds for X Σ and X Σ φ if one restricts to λ ∈ M Σ .
